We derive the asymptotic behaviour of the ground states of a system of two coupled semilinear Poisson equations with a strongly inde nite variational structure in the critical Sobolev growth case.
Introduction
In this note we derive the asymptotic behaviour of the ground states of the following system of two coupled equations: ; r = jx ? x 0 j:
as ground states. Clearly these two special cases have di erent asymptotic behaviour. P.L. Lions 11] (1:10)
Actually the uniqueness result is new and proved in Section 2. We normalize the ground state by taking it radially symmetric with respect to the origin and by setting u(0) = 1. It follows from Theorem 1 that all the ground states of (1.1) are then given by From now on we will study the normalized ground state. The proof of this theorem relies on the analysis of a related 3-dimensional rst order system of di erential equations of quadratic type. The global analysis of this quadratic system is given in Section 3. The precise asymptotics of u and v follow from a local critical point analysis in Section 4.
Ground states play an important role in the study of the homogeneous Dirichlet problem for perturbations of (1.1) with lower order linear terms. It is well known for instance that in the scalar case these terms (are needed for and) lead to nontrivial positive solutions 1]. Our results are needed for a generalization of these results and techniques to handle perturbations of (1.1). This will be done using the variational structure, the Lagrangiandensity being L(u; v) For the reduced 3-dimensional system for x, y and z we consider the orbits in W u which are completely contained in the set A. First we show that the !-limit set of any such orbit is a singleton. Thus we have to exclude chaotic or oscillatory behaviour which is well known to occur for general 3-dimensional systems. The analysis is based on the location of two parabolas in the x; z-plane. The rst one, P 1 , is simply the set where x 0 = 0, so Above P 2 only nondegenerate positive minima of z(t) can occur and below P 2 only nondegenerate positive maxima (when z > 0). Moreover, and this is the crux of the argument, between x = 2 ? n and x = 0, P 2 lies entirely above P 1 . Indeed the two parabolas intersect in the points (x; z) = (2; ?2n) and while P 2 intersects the positive z-axis. This implies that when x 0 (t) > 0, z(t) cannot have a local positive minimum. Now suppose that x(t) has a minimum followed by a maximum. These two extrema lie on P 1 and in between, the solution lies below or possibly on P 1 . We also have that when x 0 = 0, i.e. on P 1 , that x 00 = ?z 0 . If the x-minimum is degenerate we have, since P 1 lies below P 2 , that in this minimum z(t) has a nondegenerate maximum. If it is not, then z 0 = ?x 00 < 0.
Likewise, if the x-maximum is degenerate, it coincides with a nondegenerate maximum for z and if it is not, then z 0 = ?x 00 > 0. In all four possible combinations, it follows that between the two x-extrema there must be a minimum of z(t). This contradicts the fact that below P 2 the only extrema of z(t) are nondegenerate maxima.
This argument shows that for x(t) there are only two possibilities. Either it is decreasing all the way, or it rst decreases to a minimum and then remains increasing. Let us now rst discuss the latter case.
After the minimum of x(t) the solution is below P 1 , so from there on the only extrema of z(t) are nondegenerate maxima. Consequently z(t) is eventually monotone and thus as t ! 1, both x(t) and z(t) converge to a nite limit below or on P 1 . Using the y-equation and the fact that the orbit lies in the set A, it follows that also y(t) converges. We conclude that the !-limit set is a singleton.
On the other hand, if x(t) is always decreasing, the orbit lies above P 1 . Again we consider z(t). If it oscillates as t ! 1, its minima are above P 2 and its maxima below P 2 . This gives a sequence of points (x n ; z n ) (n = 1; 2; : : :) where the odd indices correspond to maxima and the even indices correspond to minima of z(t) (notice that the rst extremum is a maximum in view of the fact that the orbit lies in the unstable manifold W u of the origin.) The sequence x n is decreasing so its limit exists. Let ( ; ) be the corresponding point on P 2 . We claim that z n ! . Indeed for the maxima, which are below P 2 , we must have lim sup z 2k+1 , while for the minima, which are above P 2 , the same reasoning gives lim inf z 2k . Hence lim z n = and therefore also lim z(t) = . As above this implies that the third coordinate y(t) converges as well, so that the !-limit set is again a singleton. Finally, if z(t) does not oscillate, it is eventually monotone, either increasing or decreasing. Clearly it su ces now to exclude the possibility of z(t) tending to in nity. But this would imply that x 0 (t) ! ?1, while x(t) 2 ? n, impossible. It follows that both z(t) and y(t) converge.
Conclusion: any orbit in W u contained in A has an !-limit set which is a singleton (in A). These can only be equilibria of the reduced system and to know which, we have to examine these points and their local structure.
The reduced system has the following critical points (x; y; z).
(0; 0; 0); (0; 2; 0); (2; 0; ?2n); These limits are roughly speaking the exponents of v and u at in nity. In the next section we shall make this more precise.
Local behaviour and the proof of Theorem 2
It remains to improve the results at the end of the previous section so as to establish the asserted asymptotics in the introduction. This will follow from a local analysis around the critical points of the quadratic system.
4.1
The case p > n n? 2 We have seen in the previous section that the orbit containing the ground states goes into the critical point p 1 = (2 ? n; 2 ? n; 0) because it is the only candidate. The linearization of the reduced system around this point is given by the matrix It is trivial exercise to show that consequently r n?2 u(r) converges to a positive number. For v(r) the argument is the same.
4.2
The case p < n n?2 Now the critical point p 1 = (2 ? n; 2 ? n; 0) cannot be the limit because its stable manifold is only 1-dimensional and contained in fy = 2 ? ng. The stable manifold is actually a straight line in the plane fy = 2 ? ng, and is given by the equation ?nx + p(n?2)?2 n z = n(n ? 2). Thus the limit must be the critical point p 2 = (2 ? n; 2 ? p(n ? 2); 0) which enters the set A as p crosses the Serrin exponent. The corresponding matrix is which now has two negative eigenvalues and one positive eigenvalue. The rest of the argument is the same as in the previous subsection. The additional relation between a and b follows from the fact that the corresponding value of w is now nonzero.
4.3
The case p = n n?2
This case is more involved in view of a zero eigenvalue of the the critical point (2 ? n; 2 ? n; 0) which now coincides with the point in the subsection above. If we set y = 2 ? n we obtain as a limit equation for z that Combining with the x-equation we obtain a 2-dimensional limit system for x and z. Linearizing this limit system around the critical point (x; z) = (2 ? n; 0) we obtain the matrix which has one positive and one negative eigenvalue, the latter with eigenvector (n ? 2; n 2 ). It follows that the projection of the orbit containing the ground states on to the plane fy = 2 ? ng is asymptotically tangent to this eigenvector and that the convergence of x(t) and z(t) is again of exponential type. Thus the asymptotics of u(r) are the same as before. The heteroclinic orbit enters p 1 = p 2 via a centermanifold (as in the nondegenerate case this orbit cannot enter p 1 via the stable manifold of p 1 ). From the theory of center manifolds (see e.g. 2], 3]) it then follows that the x and z variables converge exponentially, as indicated above, and the rate of convergence of y as t goes to 1 is given by y(t) + n ?2 = t ?1 + O(t ?2+ ).
From the latter (1.15) now follows.
